Reducing weak H-systems☆☆Work supported in part by NSF of China.  by Lei, Fengchun
Topology and its Applications 114 (2001) 61–66
Reducing weak H-systems✩
Fengchun Lei
Department of Mathematics, Jilin University, Changchun 130023, People’s Republic of China
Received 12 July 1999; received in revised form 4 January 2000
Abstract
It is a result of Rego and Rourke [Topology 27 (1988) 137] that a Heegaard diagram defines a
homotopy 3-sphere if and only if it is associated to an H-system. In this paper, we introduce the
concept of the weak H-system and show that a Heegaard diagram defines a homotopy 3-sphere if
and only if it is associated to a weak H-system. We further show that in some situations a weak H-
system (therefore the corresponding Heegaard splitting for the homotopy 3-sphere) can be reduced.
 2001 Elsevier Science B.V. All rights reserved.
AMS classification: 57M99
Keywords: Heegaard diagram; H-system; Weak H-system
1. Introduction
It is a result of [5] that a Heegaard diagram defines a homotopy 3-sphere if and only if
it is associated to an H-system. In this paper, we introduce the concept of weak H-system.
It is not hard to see that a Heegaard diagram defines a homotopy 3-sphere if and only if
it is associated to a weak H-system. We further show that a weak H-system is invariant
under the so-called type-1 slides (see the definitions in Section 3). Finally we prove that in
some situations a weak H-system (therefore the corresponding Heegaard splitting for the
homotopy 3-sphere) can be reduced.
All the surfaces and 3-manifolds are assumed to be compact, orientable and connected.
The notations and definitions not defined in the paper are all standard, see, for example,
[1,2].
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2. Representations of homotopy S3: a brief review
Let F be a connected closed surface of genus m. A complete system (CS) X = {x1,
. . . , xm} on F is a collection of pairwise disjoint simple closed curves on F such that the
surface obtained by cutting F along X is a 2m-punctured 2-sphere.
Let X be a CS on S. Construct a handlebody S(X) as follows: attach m 2-handles to
S × I along X × 1, then cap off the resulting 2-sphere with a 3-ball to get S(X). With no
confusion, X is also called a complete system of disks (CSD) for the handlebody S(X).
A Heegaard diagram (H-diagram) is a closed surface S with two complete systems X,
Y . The H-diagram defines a 3-manifold M(X,Y ) = S(X) ∪S S(Y ), which is called a
Heegaard splitting for M(X,Y) and also denoted by (M(X,Y), S). In general, we also say
that (S(X);Y ) is an H-diagram of M(X,Y ) which comes from the splitting S(X)∪S S(Y ).
It follows from a standard result that any closed orientable 3-manifold can be obtained in
this way.
There is a very elegant characterization of a homotopy 3-sphere in terms of any
corresponding Heegaard diagrams as follows:
Theorem 2.1. LetM be a 3-manifold with a Heegaard splitting V ∪F V ′. M is a homotopy
3-sphere if and only if for any H-diagram (V ;x1, . . . , xn) coming from the splitting there is
an imbedding of V in S3 such that x1, . . . , xn bound mutually disjoint orientable surfaces
F1, . . . ,Fn in S3 − V .
The result is stated in Haken’s paper [3] and attributed to Moise and others. It is reproved
in [5].
Recall that a Heegaard splitting V ∪F V ′ for M is reducible if there exist disks D,D′
in V,V ′, respectively such that ∂D = ∂D′. An elementary stabilization of a Heegaard
splitting V ∪F V ′ for M is a Heegaard splitting coming from the connected sum of pairs
(M,F)#(S3, T ), where T is the standard unknotted torus in S3. A Heegaard splitting
V ∪F V ′ is stabilized if it is an elementary stabilization of another splitting. It is a theorem
of [6] that the Heegaard splittings of S3 are unique. A consequence of the theorem is that
a reducible Heegaard splitting of an irreducible 3-manifold is stabilized.
It’s a result of [4] that the notation of a homotopy 3-sphere M as above can be simplified
in some situation, that is, we have:
Lemma 2.2 [4, Theorem 3.1]. Let M be a homotopy 3-sphere, (V ;x1, . . . , xn) an H-
diagram coming from a Heegaard splitting V ∪F V ′ for M and suppose there is an
embedding of V in S3 such that x1, . . . , xn bound mutually disjoint orientable surfaces
F1, . . . ,Fn in W = S3 − V . Assume that ∂W is compressible in W , then either V ∪F V ′ is
reducible or M is homeomorphic to S3.
In the paper Tm always denotes the standard handlebody of genus m embedded in S3,
T ′m the complement of Tm in S3, and S = ∂Tm = ∂T ′m. See Fig. 1.
Recall from the definition in [5] that a CS {x1, . . . , xn, yn+1, . . . , ym} on S = ∂Tm is
called an H-system is equivalent to saying that
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Fig. 1.
(1) x1, . . . , xn bound pairwise disjoint surfaces F1, . . . ,Fn in T ′m; and
(2) {yn+1, . . . , ym} bound m− n pairwise disjoint disks in Tm.
For an H-system {x1, . . . , xn, yn+1, . . . , ym} on S as above, let V be the handlebody by
cutting Tm along the disks in Tm bounded by yn+1, . . . , ym. Then (V ;x1, . . . , xn) is an
H-diagram, which is said to be associated to the H-system.
The following theorem is a main result of [5]:
Theorem 2.3 [5, Theorem 2]. Let (V ;x1, . . . , xn) be an H-diagram associated to an
H-system. Then (V ;x1, . . . , xn) is an H-diagram of a homotopy 3-sphere and every H-
diagram of a homotopy 3-sphere arises in this way.
The notations in the section will be used throughout the rest of the paper.
3. Weak H-systems
Definition 3.1. Let H = {x1, . . . , xn, yn+1, . . . , ym} be a CS on S = ∂Tm. Suppose
that {yn+1, . . . , ym} bound m − n pairwise disjoint disks En+1, . . . ,Em in Tm. Let
N(En+1), . . . ,N(Em) be the disjoint compact regular neighborhoods of En+1, . . . ,Em in
Tm. Denote
V = Tm −
m⋃
j=n+1




Furthermore, if x1, . . . , xn bound pairwise disjoint surfaces S1, . . . , Sn in W , we say that
H is a weak H-system on S and m is the length of the weak H-system.
Clearly, an H-system is a weak H-system and the other direction, in general, is not true.
(V ;x1, . . . , xn) is an H-diagram, which is called to be associated to the weak H-system.
We still have
Theorem 3.2. Let (V ;x1, . . . , xn) be an H-diagram associated to a weak H-system. Then
(V ;x1, . . . , xn) is an H-diagram of a homotopy 3-sphere and every H-diagram of a
homotopy 3-sphere arises in this way.
Proof. The first assertion follows from Theorem 2.1 and the second one follows from
Theorem 2.3. ✷
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Let X = {x1, . . . , xm} be a CS on S, α a simple arc on F connecting xi and xj (i < j )
with int(α) disjoint from X. Let N = N(xi ∪ xj ∪ α) be a small regular neighborhood of
xi ∪ xj ∪ α on F . Then ∂N has three components: two are copies of xi and xj , the third
one is called a band sum of xi and xj along α and is denoted by xij . Substitute xij for xi
or xj in X to get Xi or Xj , respectively. We say that Xi (Xj ) is obtained from X by an
elementary slide. In particular, Xi is called an elementary slide of type-1. If X′ is obtained
from X on S via a finite number of elementary slides of type-1 and isotopies, we say that
X′ is a type-1 slide of X.
The following theorem shows that a weak H-system is invariant under the type-1 slides.
Theorem 3.3. Let H = {x1, . . . , xn, yn+1, . . . , ym} be a weak H-system on S = ∂Tm.
Suppose that H′ is a type-1 slide of H. Then H′ is a weak H-system on S, and both H
andH′ define the same homotopy 3-sphere.
Proof. It suffices to show when H′ is an elementary slide of type-1 of H the conclusion
holds. By definition, x1, . . . , xn bound pairwise disjoint surfaces S1, . . . , Sn in W . There
are three possibilities forH′:
Case 1. i < j  n and H′ = {x1, . . . , xi−1, xij , xi+1, . . . , xn, yn+1, . . . , ym}. Let α be
the simple arc connecting xi and xj which realizes the band sum xij . Let N(α) be an
embedding of α × I in S with ∂α × I ⊂ xi ∪ xj , and Sij = Si ∪ N(α) ∪ Sj . Ambiently
isotopy Sij in T ′m slightly so that Sij is properly embedded in T ′m and disjoint from Sj . Then
∂Sij = xij and S1, . . . , Si−1, Sij , Si+1, . . . , Sn are pairwise disjoint surfaces embedded in
T ′m. So H′ is a weak H-system.
Case 2. n + 1  i, j < m and H′ = {x1, . . . , xn, yn+1, yi−1, yij , yi+1, . . . , ym}. Similar
as in Case 1, yn+1, yi−1, yij , yi+1, . . . , ym bound pairwise disjoint disks in Tm. Therefore
H′ is a weak H-system.
Case 3. i  n < j andH′ = {x1, . . . , xi−1, zij , xi+1, . . . , xn, yn+1, . . . , ym}, where zij is
a band sum of xi and yj along an arc. We only need to show that x1, . . . , xi−1, zij , xi+1,
. . . , xn bound n pairwise disjoint surfaces in W . Note that xi and zij are isotopic on ∂W .
It follows immediately from that x1, . . . , xi−1, zij , xi+1, . . . , xn bound pairwise disjoint
surfaces S1, . . . , Sn in W .
It is clear that bothH and H′ define the same homotopy 3-sphere. ✷
Remark 3.4. Let H = {x1, . . . , xn, yn+1, . . . , ym} be a weak H-system to which (V ;x1,
. . . , xn) is associated. WhenH′ = {x ′1, . . . , x ′n, yn+1, . . . , ym} is obtained fromH by a slide
as in above Case 3, the xi and x ′i may not isotopic on S but they are on ∂V .
4. Reduction of weak H-systems
Let Z = {z1, . . . , zk} be a collection of pairwise disjoint s.c.c. on a closed surface F , J
an essential s.c.c. on F with J ∩⋃ki=1 zi = ∅. We say that J is coplanar with Z if J cuts
off a planar surface from the surface obtained by cutting F open along Z.
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Theorem 4.1. Let M be a homotopy 3-sphere with a Heegaard splitting V ∪F V ′, and
(V ;x1, . . . , xn) an H-diagram from the splitting. Let H = X ∪ Y be a weak H-system
on S = ∂Tm to which (V ;x1, . . . , xn) is associated, where X = {x1, . . . , xn} and Y =
{yn+1, . . . , ym}. Suppose that S − Y is compressible in T ′m = S3 − Tm. Then either M is
homeomorphic to S3, or V ∪F V ′ is reducible, or (V ;x1, . . . , xn) is associated to a weak
H-system of length less than m.
Proof. By assumption, S − Y is compressible in T ′m = S3 − Tm. Therefore there exists
an essential disk D′ in T ′m with ∂D′ ∩ Y = ∅ on S = ∂T ′m. Denote α = ∂D′. As
before, let En+1, . . . ,Em be the pairwise disjoint disks in Tm bounded by Y , and
N(En+1), . . . ,N(Em) the disjoint compact regular neighborhoods of En+1, . . . ,Em in
Tm. Then V = Tm −⋃mj=n+1 N(Ej ), W = T ′m ∪
⋃m
j=n+1 N(Ej ) and S3 = V ∪ W . By
definition, x1, . . . , xn bound pairwise disjoint surfaces S1, . . . , Sn in W .
First assume that α is not coplanar with Y . α ⊂ ∂W = ∂V is essential in W . So ∂W
is compressible in W . By Lemma 2.2, either M is homeomorphic to S3, or V ∪F V ′ is
reducible.
Now assume that α is coplanar with Y . It is not hard to see that α also bounds an
essential disk D in Tm. Since Tm ∪S T ′m is a standard Heegaard splitting of S3, α must
be separating on S, and D (D′, respectively) cuts off a handlebody U (U ′, respectively)
from Tm (T ′m, respectively) such that, say, Ek, . . . ,Em (k > n + 1) is a complete system
of disks for U . Denote T ∗ = Tm −U and T ∗′ = T ′m −U ′, and S∗ = ∂T ∗ and S∗∗ = ∂U .
Then (S3, S) ∼= (S3, S∗)#(S3, S∗∗). If α is disjoint from any curves in X, then obviously
x1, . . . , xn, yn+1, yk−1 is a weak H-system on S∗ with length less that m, to which
(V ;x1, . . . , xn) is associated, we are done. Suppose that α meets the curves in X non-
trivially. Note that {yk, . . . , ym} is a CS on S∗∗ and the curves in X are disjoint from
{yk, . . . , ym}. Cut S open along α. Denote the component which contains {yk, . . . , ym}
by S1. Cut S1 open along {yk, . . . , ym} to get S2. Then S2 is a punctured 2-sphere. Since
H is a CS on S, no xi is lying in S2. Now consider (
⋃
i xi) ∩ S2 = ∅. Each component
of (
⋃
i xi) ∩ S2 is an essential arc in S2 which separates S2 into two pieces. Choose an
outermost component β of (
⋃
i xi) ∩ S2. Then β cuts off a planar surface from S2 whose
interior contains no arcs in (
⋃
i xi)∩S2. Say β ⊂ x1. It’s easy to see that we can make band
sums of x1 with some curves in {yk, . . . , ym} (the arcs along which the band sums are made
are chosen in S2) to get x ′′1 so that x ′′1 ∩ S1 = x1 ∩ S1 − β . After a finite number of such
slides we finally obtain X′ = {x ′1, . . . , x ′n} such that all the curves in X′ are disjoint from α.
By Theorem 3.3, H′ = X′ ∪ Y is again a weak H-system. Note that each x ′i is isotopic to
xi on ∂V . (V ;x ′1, . . . , x ′n) is associated toH′, therefore as above, it is associated to a weak
H-system with length less than m. ✷
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